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Abstract
It is shown that for every semifield spread in PG(3, q) and for every parabolic Buekenhout–Metz unital,
there is a collineation group of the associated translation plane that acts transitively and regularly on the
affine points of the parabolic unital. Conversely, any spread admitting such a group is shown to be a semi-
field spread. For hyperbolic Buekenhout unitals, various collineation groups of translation planes admitting
such unitals and the associated planes are determined.
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1. Introduction
A unital U in a projective plane of order q2 is a set of q3 + 1 points such that the lines of
the plane are either ‘tangent,’ that is are incident with exactly one point of U , or are ‘secant,’
incident with exactly q + 1 points of U . If π is an affine plane restriction of the projective
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is a tangent line or a secant line. Buekenhout [2] shows for any spread in PG(3, q), there is a
corresponding parabolic unital in the associated affine translation plane arising from the classical
unital in PG(2, q2) of the absolute points of a unitary polarity. This point set then becomes a
unital in any such translation plane. Buekenhout points out that the results do not depend upon
finiteness and that if there were to be a suitable definition of ‘unital’ in the infinite case, this
result would be valid for spreads in PG(3,K), for K a field. So, we see that with classical unitals
as the absolute points of unitary polarities, we would need that the field K admits a quadratic
field extension K+. However, initially, we do not necessarily require such an assumption, and
we formulate a definition of unitals in translation planes with spreads in PG(3,K).
Definition 1. Let π be a translation plane with spread in PG(3,K), where K is a field. Let π+
denote the projective extension of π . A set of points U in PG(4,K) is said to be a ‘unital’ if it
has the following properties:
(1) every point of U has a unique tangent line of π+,
(2) for each point S of U the secant lines of π+ incident with S (i.e., the non-tangent lines on
points on U ) non-trivially intersect U and cover U ,
(3) for each point S of U and secant line L incident with S, Card(L− {S})∩U = CardK ,
(4) every line of π+ is either a tangent line or a secant line.
The unital is said to be ‘parabolic’ or ‘hyperbolic’ if the line at infinity of π is a tangent line or
secant line, respectively.
Remark 2. Let π be a translation plane with spread in PG(3, q). Let U be a point set satisfying
the previous definition of ‘unital.’ Let P be a point of U and by (1) let TP denote the unique
tangent line of the projective extension π+ to U . Then the q2 remaining lines of π+ each share
q = CardK points of U , when K  GF(q). Hence, there are exactly q2q + 1 = q3 + 1 points.
Therefore, this shows that the more general definition of unital fits the standard situation in the
finite case.
Recently, the first author showed in [11] that any semifield plane with spread in PG(3,K),
where K is a field that admits a quadratic field extension K+, admits a transitive parabolic uni-
tal. In particular, the point set of the unital is the classical unital in a Pappian projective plane
coordinatized by the field K+, and the lines are modified relative to the lines of the semifield
plane. This construction of the associated group uses an algebraic technique or variation of the
construction of Buekenhout [2], whereby the possible collineation group “inherited” from the
group of the classical unital is made more accessible. Of course, the classical unital is not the
only unital that may be constructed in a translation plane with spread in PG(3,K). The main
ingredient that is essential to the Buekenhout construction is that the classical unital, when con-
sidered parabolically in an associated Pappian affine plane, becomes a cone over an ovoid. Thus,
as pointed out by Metz [13], it is not necessary to begin with a classical unital to accomplish this.
Buekenhout [2] also constructs hyperbolic unitals in translation planes with spreads in
PG(3, q) that contain reguli by constructing a quadric in PG(4, q) that intersects a hyper-
plane PG(3, q) in the (q + 1)2 points of a regulus. There is a unique non-degenerate quadric
in PG(4, q), up to isomorphism.
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which admits a quadratic field extension. In this case, then for every component L of the associ-
ated translation plane πS, πS admits a Buekenhout–Metz parabolic unital U+ that contains the
infinite point of L (the associated parallel class) (L), so that U+ is affine. And indeed, when
the plane is a semifield plane, there is a collineation group fixing the parabolic point and acting
transitively on the unital. Also, we show that the Buekenhout construction of hyperbolic unitals
is valid in spreads in PG(3,K), that contain a regulus.
In the finite case, we prove the following theorem characterizing those planes that contain
Buekenhout–Metz unitals and admitting transitive and regular parabolic groups.
Theorem 3. Given a Buekenhout–Metz unital U+, a translation plane π with spread in PG(3, q)
admits a transitive and regular parabolic group in AGL(4, q) acting on U+ if and only if π is a
semifield plane.
If a finite Buekenhout–Metz unital is embedded in a Desarguesian plane, it admits a collinea-
tion group in AGL(4, q) of order q3(q − 1) containing a normal transitive and regular parabolic
group (see Ebert and Wantz [3]). We consider a more general problem and prove the following
theorem.
Theorem 4. Let π be a translation plane of order q2 with spread in PG(3, q) that admits a
transitive and regular parabolic unital. If there is a collineation group in AGL(4, q) of order
q3(q − 1) that leaves the unital invariant then π is one of the following types of planes:
(1) a semifield plane,
(2) Betten of even order or Walker of odd order q2, where q = pr , and r is odd,
(3) Lüneburg–Tits of even order q2.
We also consider Abelian parabolic groups acting on Buekenhout–Metz unitals. The main
result that we obtain is the following theorem.
Theorem 5.
(1) Let π be any semifield plane with spread in PG(3,K), where K admits a quadratic exten-
sion K+. Assume that G is a transitive and regular parabolic group acting on a Buekenhout–
Metz unital. If G is Abelian then π is Pappian.
(2) Let π be any translation plane with spread in PG(3, q). Assume that G is a transitive and
regular parabolic group acting on a Buekenhout–Metz unital. If G is Abelian then π is
Desarguesian, q is odd and the unital is a partial pencil of conics.
Concerning hyperbolic unitals, when a translation plane πS with spread in PG(3,K) contains
a regulus RS in PG(3,K), then both πS and the derived plane π∗S admit what we are calling
hyperbolic Buekenhout unitals U+ and U+∗ such that U+ − U+∗ is the set of infinite points
of RS and U+∗ − U+ is the set of infinite points of R∗S , the associated opposite regulus of RS .
Our analysis allows us to consider the associated collineation group of the regulus as the stabilizer
of a point of the unital and from there we are able to associate various classes of translation planes
admitting groups fixing a regulus and acting on an associated hyperbolic Buekenhout unital.
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following are corollaries.
Corollary 6. The Desarguesian and Hall planes of order q2 with spread in PG(3, q) admit
collineation groups isomorphic to SL(2, q) preserving a hyperbolic unital.
Corollary 7.
(1) Every translation plane π corresponding to a flock of a quadratic cone with spread in
PG(3,K) admits a collineation group E that fixes a regulus, fixes one component of the reg-
ulus and acts transitively on the remaining components. There is a hyperbolic unital in π ,
preserved by E.
(2) Every derived conical flock plane admits a group B that fixes a regulus, fixes one Baer
subplane of the regulus net and acts transitively on the remaining Baer subplanes incident
with the zero vector of the regulus net. There is a hyperbolic unital in π that is preserved
by B .
2. ‘Buekenhout–Metz unitals’ extension for arbitrary fields
In Hirschfeld [6], a general construction of parabolic unitals in PG(4, q) from cones over
elliptic quadrics is given. The question is if this same analysis is possible over projective geome-
tries PG(4,K), where K admits a quadratic field extension K+. Since in Hirschfeld, the main
ingredient is simply an irreducible quadric over GF(q), we begin by ensuring that unitals are
obtained for any such field K , in essentially the same manner.
Theorem 8. Let K be a field that admits a quadratic extension K+, so there exists a Pappian
spread Σ in PG(3,K). Let g(x1, x2) be an irreducible quadric over K ,
g(x1, x2) = x21α1 + x22α2 + x1x2α3, where αi ∈ K, i = 1,2,3.
Consider the 4-dimensional vector space V4 over K . Choose any spread in PG(3,K), choose
any component L and coordinatize so that L becomes x = 0 = (x1, x2), where the associated
vector space is represented in the form{
(x1, x2, y1, y2); xi, yi ∈ K
}
.
Then the spread may be represented as follows:
x = 0, y = x
[
u F(t, u)
t G(t, u)
]
; u, t ∈ K,
where F and G are functions from K ×K to K . Now consider the following point set:
U = {(c1, c2, g(c1, c2), β); c1, c2, β ∈ K}.
Then U ∪ (∞) = U+ is a unital (a ‘parabolic unital’) in the projective extension π+S , where (∞)
is the infinite point of x = 0. We call such a unital a ‘Buekenhout–Metz’ unital.
Proof. Notice that each of the lines x = c = (c1, c2) contains a point set with U+ exactly of
cardinality cardK . Note that y = 0, y = (y1, y2) shares exactly the point (0,0,0,0) of U+ since
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intersect U+ in{(
c1, c2, g(c1, c2), β
); c1, c2, β ∈ K}; β = d2 and g(c1, c2) = d1.
If d1 = 0 then y = (0, d2) is a tangent line containing only the point (0,0,0, d2). If d1 = 0 then
consider the equation
g(c1, c2) = d1 = c21α1 + c22α2 + c1c2α3.
Then consider the points{
(c1, c2, z); c1, c2, z ∈ K
}
and first consider the bilinear form
(c1, c2, z)
⎡
⎣ α1 α3/2 0α3/2 α2 0
0 0 d1
⎤
⎦
⎡
⎣ c
∗
1
c∗2
z∗
⎤
⎦= Γ (c1, c2, z, c∗1, c∗2, z∗).
Then the associated quadratic form Q(c1, c2, z) is Γ (c1, c2, z, c1, c2, z) and note that when z = 0,
the only solution is (0,0,0). If the set is taken homogeneously, there are no ‘point’ solutions.
Hence, since d1 is non-zero and g(c1, c2) is irreducible (i.e., in particular, 4α1α2 − α23 = 0), we
have a quartic over a plane isomorphic to PG(2,K). Hence, there is a unique tangent line y = 0
on the point (0) of the line at infinity and the remaining points P of U+, when intersected by
lines L of the form y = d , have the property that L − {P } intersects U+ in a set of cardinality
cardK . Similarly, if the characteristic is 2 then the associated quadratic form is
(c1, c2, z)
⎡
⎣α1 α3 00 α2 0
0 0 d1
⎤
⎦
⎡
⎣ c1c2
z
⎤
⎦= Q(c1, c2, c3),
so the same statements are valid regarding lines of the form y = d .
Now consider a line of the form
x = 0, y = x
[
u F(t, u)
t G(t, u)
]
+ (b1, b2); u, t, b1, b2 ∈ K, for (u, t) = (0,0).
We then consider
(c1, c2, c1u+ c2t + b1)
as c1, c2 varies over K . We claim that {c1u+ c2t + b1; c1, c2 ∈ K} = {z; z ∈ K}. For example, if
u = 0 then t = 0 so that for c2t + b1 = z we need only choose c2 = (z− b1)/t .
If we now use the previous proof for the quadrics in (c1, c2, z), we see that each line either
intersects U+ uniquely or for a point P of U+ then a line L on P will have the property that
L−{P } intersects the set U+ in a set of cardinality cardK . Hence, this proves that U+ is a unital
with parabolic point (∞) in π+S . 
The first author has shown in [11] that the classical unital as a point set becomes a transitive
parabolic unital in any semifield plane, where the associated group is in AGL(4,K). The ques-
tion then becomes whether this is still true for Buekenhout–Metz unitals in PG(3,K), for K
an arbitrary field. Furthermore, it is an open question whether any other translation planes with
spreads in PG(3,K) can admit transitive parabolic groups in AGL(4,K) for any or a particular
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semifield plane with spread in PG(3,K) and any Buekenhout–Metz unital, there is an associated
transitive parabolic collineation group acting on the unital.
Theorem 9. Given a parabolic Buekenhout–Metz unital U+, take any semifield plane π with
spread in PG(3,K), where K is a field admitting a quadratic field extension K+. If the irre-
ducible quadric is g(c1, c2) = c21α1 + c22α2 + c1c2α3, assume that 4α1α2 − α23 = 0 and note that
α1α2 = 0.
Then π admits a collineation group G acting transitively and regularly on the affine points
of U+.
If the unital is
U+ = {(c1, c2, g(c1, c2), β); c1, c2, β ∈ K}∪ {(∞)},
and the spread is
x = 0, y = x
[
u F(t, u)
t G(t, u)
]
; u, t ∈ K,
where F and G are additive functions from K ×K to K , then the following defines a transitive
collineation group
〈σc1,c2,β; c1, c2, β ∈ K〉:
σc1,c2,β : (x, y) −→
(
x + (c1, c2), x
[
c2α3 + 2c1α1 F(2c2α2 + c1α3, c2α3 + 2c1α1)
2c2α2 + c1α3 G(2c2α2 + c1α3, c2α3 + 2c1α1)
]
+ y + (g(c1, c2), β)
)
.
Proof. We assume that the unital U+ has the affine points
U+ = {(c1, c2, g(c1, c2), β); c1, c2, β ∈ K}∪ {(∞)}
and the parabolic point is (∞), lying projectively on the component x = 0. We may choose the
spread
x = 0, y = x
[
u F(t, u)
t G(t, u)
]
; u, t ∈ K,
where F and G are functions from K ×K to K .
We first note that the translation group T∞ whose elements are defined by
(x1, x2, y1, y2) −→ (x1, x2, y1, y2 + β), for β ∈ K,
is a collineation group of π that preserves U+. We claim that there are no other translations in G.
Assume that τ is a translation of G, say
(x1, x2, y1, y2) −→
(
x1 + c∗1, x2 + c∗2, y1 + d∗1 , y2 + d∗2
)
.
Then (0,0,0,0), a point of U, maps to (c∗1, c∗2, d∗1 , d∗2 ), implying that
g
(
c∗1, c∗2
)= d∗1 ,
and furthermore,
U = {(c1, c2, g(c1, c2), β); c1, c2, β ∈ K}
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U = {(c1 + c∗1, c2 + c∗2, g(c1, c2)+ d∗1 , β + d∗2 ); c1, c2, β ∈ K},
g
(
c1 + c∗2, c2 + c∗2
)= g(c1, c2)+ d∗1 = g(c1, c2)+ g(c∗1, c∗2),
for all c1, c2 ∈ K . This, in turn, implies that if g(c1, c2) = c21α1 + c22α2 + c1c2α3 then we have
2c1c∗1α1 + 2c2c∗2α2 +
(
c1c
∗
2 + c2c∗1
)
α3 = 0, ∀c1, c2 ∈ K.
Since this is valid for all c1, c2, we see that we must have
2c1c∗1α1 = −
(
c1c
∗
2
)
α3 and 2c2c∗2α2 = −
(
c2c
∗
1
)
α3, ∀c1, c2 ∈ K.
Suppose that the characteristic of K is 2. Then this forces α3 = 0 or both c∗1 and c∗2 = 0, forcing
d∗1 = 0. If α3 = 0, we have a contradiction to our assumptions. So, assume that the characteristic
is not 2. Then
2c∗1α1 = −c∗2α3 and 2c∗2α2 = −c∗1α3, ∀c1, c2 ∈ K.
Assume c∗1 and c∗2 both non-zero. This implies that
4c∗1c∗2α1α2 = c∗1c∗2α3.
Since 4α1α2 −α23 = 0, this forces either c∗1 or c∗2 = 0. If c∗2 = 0 then the previous equations imply
2c∗1α1 = 0 = c∗1α3.
If c∗1 = 0 then α1 = α3 = 0, but then the quadric g is not irreducible. If c∗1 = 0 and c∗2 = 0 then
we obtain
2c∗2α2 = 0 = c∗2α3,
so that α2 = α3 = 0, a contradiction since g is irreducible. Hence, the translation subgroup that
leaves U+ invariant is T∞. Any collineation group G that leaves (∞) invariant is contained then
in TF , where F is the translation complement of π and T is the translation group of π . Suppose
some element g of G leaves invariant a line x = c. We know that the translation subgroup T∞
fixes x = c and is transitive on the affine points of the unital on x = c.
Thus far, everything was general; we now wish to show that we can find a transitive parabolic
collineation group, when π is a semifield plane. We set this up so in the original spread, the
associated functions F and G are additive. For each element (c1, c2), we associated a unique
component y = x[ u F(t,u)
t G(t,u)
]
, where the u and t are functions of c1 and c2. We consider a putative
collineation
(x, y) −→
(
x + (c1, c2), x
[
u F(t, u)
t G(t, u)
]
+ y + (g(c1, c2),0)
)
and
(x, y) −→
(
x + (c∗1, c∗2), x
[
u∗ F(t∗, u∗)
t∗ G(t∗, u∗)
]
+ y + (g(c∗1, c∗2),0)
)
and consider the composition in the order given. We then obtain:
(x, y) −→
(
x + (c1, c2)+
(
c∗1, c∗2
)
, x
([
u∗ F(t∗, u∗)
t∗ G(t∗, u∗)
]
+
[
u F(t, u)
t G(t, u)
])
+ (c1, c2)
[
u∗ F(t∗, u∗)
∗ ∗ ∗
]
+ (g(c1, c2),0)+ y + (g(c∗1, c∗2),0)
)
.t G(t , u )
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(c1, c2)
[
u∗ F(t∗, u∗)
t∗ G(t∗, u∗)
]
+ (g(c1, c2),0)+ (g(c∗1, c∗2),0)= (g(c1 + c∗1, c2 + c∗2), β),
for some element β ∈ K . Hence, we would require
(
c1 + c∗1
)2
α1 +
(
c2 + c∗2
)2
α2 +
(
c1 + c∗1
)(
c2 + c∗2
)
α3
= (c1u∗ + c2t∗)+ c21α1 + c22α2 + c1c2α3 + c∗21 α1 + c∗22 α2 + c∗1c∗2α3
and
c1F
(
t∗, u∗
)+ c2G(t∗, u∗)= β.
Since the second equation is obviously possible as β may range over K , we turn to the first
equation. By cancellation of like terms, we obtain the following requirement:
2c1c∗1α1 + 2c2c∗2α2 +
(
c1c
∗
2 + c2c∗1
)
α3 = c1u∗ + c2t∗.
If we fix c∗1 and c∗2 , we would require such an equation to be valid for all c1 and c2. If we take
in turn first c1 = 0 and then c2 = 0, we obtain the following requirements, which if satisfied, are
necessary and sufficient for the composition to produce the requirement:
t∗ = 2c∗2α2 + c∗1α3
and
u∗ = c∗2α3 + 2c∗1α1.
This shows that given (c1, c2), there is a unique component associated. Since 4α2α2 − α23 = 0, it
also follows that given a component, there is a uniquely associated element (c1, c2). Hence, we
consider the elements of a putative group as
σc1,c2,β : (x, y) −→
(
x + (c1, c2), x
[
c2α3 + 2c1α1 F(2c2α2 + c1α3, c2α3 + 2c1α1)
2c2α2 + c1α3 G(2c2α2 + c1α3, c2α3 + 2c1α1)
]
+ y + (g(c1, c2), β)
)
.
Our previous argument implies that
σc1,c2,βσc∗1 ,c∗1 ,β∗ = σ(c1+c∗1),(c2+c∗2),ρ (read left to right),
where
ρ = β + β∗ + c1F
(
2c∗2α2 + c∗1α3, c∗2α3 + 2c∗1α1
)+ c2G(2c∗2α2 + c∗1α3, c∗2α3 + 2c∗1α1)
provided[
c2α3 + 2c1α1 F(2c2α2 + c1α3, c2α3 + 2c1α1)
2c2α2 + c1α3 G(2c2α2 + c1α3, c2α3 + 2c1α1)
]
+
[
c∗2α3 + 2c∗1α1 F(2c∗2α2 + c∗1α3, c∗2α3 + 2c∗1α1)
2c∗2α2 + c∗1α3 G(2c∗2α2 + c∗1α3, c∗2α3 + 2c∗1α1)
]
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c2α3 + 2c1α1 + c∗2α3 + 2c∗1α1 F ∗
2c2α2 + c1α3 + 2c∗2α2 + c∗1α3 G∗
]
,
where
F(2c2α2 + c1α3, c2α3 + 2c1α1)+ F
(
2c∗2α2 + c∗1α3, c∗2α3 + 2c∗1α1
)= F ∗
and
G(2c2α2 + c1α3, c2α3 + 2c1α1)+G
(
2c∗2α2 + c∗1α3, c∗2α3 + 2c∗1α1
)= G∗.
We note that if the functions F and G are additive then we obtain a group. Hence, this is true
for semifield planes, provided we choose x = 0 as the elation axis of the corresponding elation
group fixing one component and acting transitively on the remaining components. 
3. Buekenhout hyperbolic unitals extension to PG(3,K)
In this section, we remind the reader of Buekenhout’s construction of hyperbolic unitals in
translation planes with spreads in PG(3, q) that contain a regulus. As mentioned by Bueken-
hout [2], this construction may be carried in the infinite or general case and our development here
will consider such constructions for arbitrary fields K that admit quadratic extension fields K+.
However, we arrive at this construction with the use of a particular standard non-degenerate
quadric.
Remark 10. (1) We first note that reguli exist in PG(3,K). Consider an associated 4-dimensional
vector space V4 over K and let the vectors be denoted by (x1, x2, y1, y2), xi, yi ∈ K , i = 1,2,
assuming initially that x = (x1, x2) = 0 = (0,0), y = (y1, y2) = 0 = (0,0) and y = x define
three mutually skew lines of PG(3,K). Since any three mutually disjoint 2-dimensional K-
vector spaces L, M and N may be so represented by appropriate choice of a basis, we may
then consider that the unique regulus R(L,M,N) of PG(3,K) containing L, M and N has the
‘standard form’ as
R(L,M,N) = {x = 0, y = xα;α ∈ K}, where xα = (x1, x2)α = (x1α,x2α).
(2) Now assume that we have a spread S in PG(3,K) which contains a regulus D. Since
there is an associated 4-dimensional vector space V4 over K , we may choose a basis so that D
necessarily has the standard form.
We now intend to show that any such projective translation plane corresponding to a spread S
of PG(3,K) containing a regulus D, as in the previous remark, admits a unital U+ such that the
infinite line of the translation plane is a secant line to U+ and this set of infinite points is the
set of parallel classes of the regulus net arising from D. Of course, Buekenhout [2] proved this
in the finite case and alluded to the general case. The construction begins with a classical unital
U1 in a Desarguesian projective plane PG(2, q2). Choose a secant line to the unital and call this
line the line at infinity 
∞ Then realize the Desarguesian affine plane within the associated 4-
dimensional vector space over GF(q), and form the associated affine geometry AG(4, q). Then
the tangent line becomes a set of points of a regulus R within the hyperplane at infinityH∞. We
are now considering PG(2, q2) as PG(4, q) and as the completion of AG(4, q). Now form the
following set:
Q = {U1 ∩ AG(4, q)}∪ {points of R}.
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q3 + 1 points and there are (q + 1)2 points of R. Hence, there are q3 − q + (q + 1)2 = q3 + q2 +
q + 1 points of Q. If S is a spread in PG(3, q) that contains a regulus D, we may then realize
S within AG(4, q) and then the set of q + 1 “points” of a regulus (chosen as R) union the affine
points U1 ∩ AG(4, q) becomes a unital of q3 + 1 points within the associated translation plane,
due to the fact that Q is a quadric.
Now since there is a unique non-degenerate quadric in PG(4, q), we may reverse the process
and begin with a non-degenerate quadric and using the same construction, construct a unital in
any translation plane whose spread in PG(3, q) contains a regulus.
However, the same construction (reverse construction) is valid for any field K which admits
a quadratic field extension K+.
So, consider PG(4,K), for K a field admitting a quadratic extension field K+, and let
Q4: Q4(x1, x2, y1, y2, z) = x1y2 − x2y1 − γ z2,
for γ a constant, be a non-degenerate quadric in PG(4,K). Note that if Σ3  PG(3,K) is given
by z = 0, then we claim that Q4 ∩Σ3 is a regulus in Σ3. To see this, we note that Q4 ∩Σ3 = Q3
may be realized in the form
Q3: Q3(x1, x2, y1, y2) = x1y2 − x2y1,
a hyperbolic quadric of the associated 4-dimensional vector space V4. Hence, there are two ruling
families of lines, a regulus Z and its opposite regulus Z∗.
We now form the associated affine space AG(4,K), where the subspaces are the translates of
vector subspaces of V4 and consider PG(4,K) as the completion of AG(4,K) by adjoining the
hyperplane at infinity (z = 0), denoted by H∞. Our translation plane πS with spread S contains
the regulus net PD , whose partial spread D is chosen to be represented in the standard form.
The components of the translation plane πS realized in H∞ contain the points of PG(1,K)
(infinite points of PD), which are points of Q3 (clearly x = 0 = (x1, x2), is a point of Q3 and if
(y1, y2) = (x1α,x2α), for some element α ∈ K , and x1y2 − x2y1 = x1x2α − x2x1α = 0).
Now assume that Σ is a Pappian spread in PG(3,K). We may represent the field K+ coordi-
natizing Σ as follows:
K+ =
{[
u+ gt f t
t u
]
;u, t ∈ K
}
, where X2 + gX − f is K-irreducible.
We may therefore assume that the Pappian affine plane πΣ shares D with πS , with D represented
as
D =
{
x = 0, y = x
[
u 0
0 u
]
;u ∈ K
}
.
If we realize πΣ and πS in AG(4,K) as agreeing on the ‘affine points’
(x1, x2, y1, y2,1); xi,yi ∈ K, i = 1,2,
which we now identify with (x1, x2, y1, y2), then the induced quadric on the set of affine points
is
Q−4 : Q−4 (x1, x2, y1, y2) = x1y2 − x2y1 − γ.
Let D∞ denote the set of infinite points of the net PD .
Now form the following structure:
Q−4 ∪D∞.
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regulus D then let the projective extension of the associated translation plane be denoted by π+S .
Then the set
C = Q−4 ∪D∞
is a unital in π+S , which defines a hyperbolic unital of the affine translation plane πS . A unital of
this type is called a ‘Buekenhout hyperbolic unital.’
Proof. Let L be a line of the projective plane π+S . If L is the line at infinity of πS then L
intersects C in D∞, so that L is a secant line as Card{D∞ −{∞}} = CardK . Hence, assume that
L induces an affine line in AG(4,K) We note that L may be realized in AG(4,K) as an affine
plane. Thus, then we consider L to be a plane isomorphic to PG(2,K) realized in PG(4,K).
Since the intersection of Q4 with a plane is either a point, or a conic, or is the union of two lines,
assume the latter case. Let 
1 and 
2 denote the two lines of L (as a plane of PG(4,K)) which lie
on the quadric Q4. Since L as a projective line intersects in at most one point of Q4, it follows
that both 
1 and 
2 intersect Q4 in a point of D∞, which means that 
1 and 
2 intersect the line
at infinity at a point (α), for α ∈ K . So, the affine version of L is of the following form:
y = xα + b; α ∈ K and b ∈ K+
and this line lies within the associated Pappian affine plane coordinatized by K+. Therefore, let
x = (x1, x2), and b = (b1, b2). Since L contains both of the lines 
1 and 
2, this means that there
are translates by b of 1-dimensional K-subspaces that lie in Q−4 . In general a point of the line
(x1, x2, x1α + b1, x2α + b2) is on Q−4 if and only if
x1(x2α + b2)− x2(x1α + b1)− γ = 0 = x1b2 − x2b1 − γ.
If a generator for one of these 1-spaces has a first or second component equal to 0, say, for
example, (0, x2) is a generator so that (0, x2k, b1, x2kα + b2) is in Q−4 for all k ∈ K , which
implies that x2 = −γ /b1k for all k ∈ K − {0}, a contradiction (assuming that K is not GF(2)).
Hence, we must have for generators (x1, x2, x1α+b1, x2α+b2) and (x∗1 , x∗2 , x∗1α+b1x∗2α+b2),
so we have
x1hb2 − x2hb1 − γ = 0
for all h ∈ K − {0} and
x∗1kb2 − x∗2kb1 − γ = 0
for all k ∈ K − {0}, where x1, x2, x∗1 , x∗2 are all non-zero elements of K . So,
x1hb2 − x2hb1 = x1sb2 − x2sb1,
for s, k ∈ K − {0}. Hence, we must have
(s − h)(x1b2 − x2b1) = 0,
and choosing s different from h, we are forced to have x1b2 − x2b1 = 0 = γ , a contradiction.
Hence, L intersects Q4 in a conic or a point. This shows that a hyperbolic unital is obtained
in π+S . 
Remark 12. If K is a field that has a quadratic extension field K+, let σ denote the involution in
GalKK+. Let Σ denote the Pappian affine plane coordinatized by K+.
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x = 0, y = xm;m ∈ K+},
then
Aδ =
{
y = xm;mσm = δ},
is a regulus in PG(3,K).
(2) Now let Σ+ denote the Pappian projective plane isomorphic to PG(2,K+). Then with
points taken homogeneously as (x, y, z), for x, y, z ∈ K+, not all zero, then
xσ x + yσ y + zσ z = 0
defines the classical unital C in PG(2,K+). Choose a secant line of PG(2,K+) to C as the line
at infinity to the affine plane AG(2,K+). Now realize AG(2,K+) as AG(4,K) and PG(2,K+)
as PG(4,K), where the hyperplane PG(3,K) at infinity is denoted by H∞. In this case, we let
x = (x1, x2), y = (y1, y2). Choosing the points of PG(2,K+) as homogeneously represented by
(x, y, z), then take z = 0 to define the projective line PG(1,K+). The intersection of the unital
is then
A−1 =
{
(x, y);xσ x = −yσ y;xy = 0},
which may then be represented in the form {m ∈ K+ −{0};mσm = −1}; the set of infinite points
of a regulus in PG(3,K).
(3) GL(2,K+) is triply transitive on the components of the Pappian affine plane coordinatized
by K+. Hence, by a coordinate change, we may represent A−1 in ‘standard form’ and when we
do this, we obtain a quadric of the form used above for the construction. The idea of beginning
from the classical unital is due to Buekenhout [2] in his original construction in the finite case.
In the next section, we consider the same representation as above and what this implies with
respect to collineation groups that preserve a hyperbolic Buekenhout unital of a translation plane
whose spread contains a regulus.
4. Collineation groups preserving a hyperbolic Buekenhout unital
We assume the set up of the previous section.
Consider the mapping
eα : (x1, x2, y1, y2, z) −→ (x1, x2, x1α + y1, x2α + y2, z), for α ∈ K.
Since
x1(x2α + y2)− x2(x1α + y1)− γ z2 = 0,
if
x1y2 − x2y1 − γ z2 = 0,
we see that there is a group
〈eα;α ∈ K〉
acting on Q4 and leaving invariant Σ3. Consider a Pappian spread S of the general form
x = 0, y = xm; m ∈ K+,
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space V4. Noting that
x = 0, y = xα; α ∈ K
is a regulus R, and writing x = (x1, x2), y = (y1, y2) and xα = (x1α,x2α), we see that S admits
an affine elation group in the associated Pappian affine plane ΣS corresponding to 〈eα〉 that fixes
one component x = 0 of R pointwise and acts transitively on R − {x = 0}. Similarly, consider
the mapping
gα : (x1, x2, y1, y2, z) −→ (x1 + y1α,x2 + y2α, z)
and note that gα leaves Q4 and Σ3 invariant and the associated group induces an affine elation
group fixing the component y = 0 of R pointwise and acting transitively on R −{y = 0}. Hence,
using these arguments and our previous constructions, we observe the following result:
Theorem 13. Let PG(4,K) be a 4-dimensional projective space over a field K admitting a
quadratic field extension K+. Let
Q4: Q4(x1, x2, y1, y2, z) = x1y2 − x2y1 − γ z2
be a non-degenerate quadric of PG(4,K). Then there is a Pappian spread S in z = 0, where
z = 0 is also denoted by Σ3  PG(3,K), and an associated affine Pappian translation plane in
AG(4,K) that admits a collineation group isomorphic to SL(2,K) that fixes Q4 and acts doubly
transitively on the set of lines of a regulus R of Q4 ∩Σ3.
Theorem 14. Let K be any field admitting a quadratic field extension K+. Let Q4 be the irre-
ducible in PG(4,K) that intersects some Σ0  PG(3,K) in a hyperbolic quadric H contained
in some Pappian projective plane PG(2,K). H as a set of points may be partitioned into two
reguli, RH and its opposite regulus R∗H .
Choose either of these two reguli R and assume that a spread S of Σ0 contains R. Let R∞
denote the points on the line at infinity of the associated translation plane πS .
(1) Then
(Q4 −H)∪R∞
is a unital of the projective extension π+S .
(2) If R∗ is the opposite regulus of R then π∗S , the derived plane of πS , contains R∗, and if R∗∞
is the set of points of R∗ on the line at infinity of π∗S , then
(Q4 −H)∪R∗∞
is a unital (a ‘hyperbolic unital’) of the projective extension π∗+S .
Proof. Note that any line of πS is a translate of a 2-dimensional K-vector subspace, so when
extending AG(4,K) to PG(4,K), adjoin Σ0, the PG(3,K) wherein lives the spread S. Hence,
consider a line L of πS , thought of as a PG(2,K). If L is an affine line of the regulus, then
projectively L intersects
(Q4 −H)∪R∞
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Q4 are non-trivial conics, a pair of intersecting lines, a line or a point. In all cases, we have the
secant lines intersecting the set in question in 1 + CardK points. 
The following then is immediate from our previous results.
Theorem 15. In the above theorem, let R∗ denote the opposite regulus. Then the derived plane
of the Pappian plane, the associated Hall plane, admits a hyperbolic unital Q∗ fixed by a collin-
eation group isomorphic to SL(2,K) generated by Baer collineations.
Theorem 16. Let PG(4,K) be a 4-dimensional projective space over a field K admitting a
quadratic field extension K+. Let
Q4: Q4(x1, x2, y1, y2, z) = x1y2 − x2y1 − γ z2,
be a non-degenerate quadric of PG(4,K).
(1) Let S be any spread in PG(3,K) that contains a regulus R. If R is identified as Q4 ∩ (z = 0),
and the associated translation plane πS admits a group E that fixes a component x = 0 and
acts transitively on R − {x = 0}, then E is an elation group and S is a conical flock spread
(corresponds to a flock of a quadratic cone in PG(3,K)).
(2) The derived conical flock plane π∗S admits a Baer group B fixing a regulus R∗, that fixes one
Baer subplane and acts transitively on the remaining Baer subplanes incident with the zero
vector, that preserves a hyperbolic unital.
Note that it follows that any linear group of a regulus, i.e., a subgroup of GL(2, q)GL(2, q),
where the product is a central product by a group of order q − 1 acting affinely on a regulus
net, then becomes a group of Q4 fixing z = 0 and the affine space AG(4,K). Hence, we obtain
immediately the following result.
Theorem 17. Let π be a translation plane with spread in PG(3,K) that admits a regulus R in its
spread. Assume that G is a collineation group of GL(4,K) within SL(2,K)SL(2,K) that leaves
R invariant. Then there is a Buekenhout hyperbolic unital Q that is left invariant by G.
Proof. G acting on R is a subgroup of SL(2,K)SL(2,K) and this group preserves the quadric Q.
If G is not faithful on R then there exists an element δ of G fixing each 1-dimensional GF(q)-
subspace and hence G can only be a kernel homology relative to K . But the kernel homology
also leaves Q4 invariant, since a point (x∗1 , x∗2 , y∗1 , y∗2 , z∗) satisfying
x1y2 − x2y1 + γ z2 = 0
maps to a point (x∗1k, x∗2k, y∗1k, y∗2k, z∗) ≡ (x∗1 , x∗2 , y∗1 , y∗2 , z∗/k) satisfying the same equa-
tion. 
Corollary 18. The Desarguesian and Hall order q2 planes with spread in PG(3, q) admit col-
lineation groups isomorphic to SL(2, q) preserving a hyperbolic unital.
Corollary 19. The translation planes of order 81 of Prince and Johnson [12] with spreads in
PG(3,9) admit SL(2,5) fixing a regulus and preserving a Buekenhout hyperbolic unital. In these
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either transitive on the components of the regulus or transitive on the Baer subplanes incident
with the zero vector of the regulus.
Proof. See Prince and Johnson [12] for the details of these planes. There are 10 groups of order 3
in SL(2,5) and in the elation case, each is an elation group and the group SL(2,5) is a subgroup
of SL(2,9). 
Similarly, we obtain:
Corollary 20.
(1) Every translation plane π corresponding to a flock of a quadratic cone with spread in
PG(3,K) admits a collineation group E that fixes a regulus, fixes one component of the
regulus and acts transitively on the remaining components. There is a hyperbolic unital in π
and preserved by E.
(2) Every derived conical flock plane admits a group B that fixes a regulus, fixes one Baer
subplane of the regulus net and acts transitively on the remaining Baer subplanes incident
with the zero vector of the regulus net. There is a hyperbolic unital in π that is preserved
by B .
Proof. By Gevaert and Johnson [5] and Jha and Johnson [9], every flock of a quadratic cone
in PG(3,K), for K a field, produces a translation plane with associated elation group E with
the properties indicated. The spread is a union of reguli that mutually share one component.
Replacement of any of these regulus nets produces a Baer group B and applying the previous
theorem, we see that there is a hyperbolic unital in each plane (conical flock plane or derived
conical flock plane) preserved by the group E or B , respectively. 
5. The finite translation planes admitting transitive parabolic Buekenhout–Metz unitals
Let U+ be any parabolic unital in a translation plane π with spread in PG(3, q). Assume that
there is a transitive and regular parabolic collineation group G of π in AGL(4, q), let T denote
the translation group, then assume that 0 is a point of U+. Then there is a unique component L
of π incident with 0, which is tangent to U+. Let P∞ denote the parabolic point on the line at
infinity and L∞ the infinite point of L, and assume that some collineation δ of G fixes L∞.
Note that G is in T F0, where F0 is the translation complement of the translation plane. Note
the line at infinity is the unique tangent line to P∞ of U+. Thus, the group G is transitive on the
affine lines of π in the parallel class P∞. Consider h ∈ G ∩ T . If the center of h is not P∞ then
a fixed line that intersects the unital does so in q + 1 points, permuted by h. But h cannot fix an
affine point, a contradiction. Hence, G∩T is a subgroup of the translation group T∞ with center
P∞ that fixes U+, so has order at most q . Then, (GT )0 has order at least q3/q . Hence, we have
a subgroup of the “linear” translation complement of order at least q2. Any such group has an
elation group of order at least q . If q is odd, then there can be no Baer p-elements. Therefore,
if δ above fixes L∞ and P∞ and is not 1 then δ cannot be a translation, so in (GT )0, there would
be a Baer p-collineation.
Therefore, assume that q is even and there is an element of order 2 fixing L∞ and P∞. By
Baer’s theorem on involutions, there must be a Baer involution σ fixing U+. Furthermore, since
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P∞ is an infinite point of Fixσ and all affine lines incident with P∞ are secant lines. Choose any
affine point Q of Fixσ . Consider the set of q fixed lines of σ incident with P∞ other than QP∞.
If all of these lines are tangent lines to Q then there is exactly one additional tangent line incident
with Q, since Q cannot be a point of U+. But then this last tangent line would be fixed by σ ,
a contradiction. Hence, at least one of the fixed lines incident with Q is a secant line. But the
line at infinity is also a tangent line, so there are exactly q + 1 affine points of U+ on a fixed line
incident with Q, permuted by σ . But q + 1 is odd, so σ must fix a point of U+, a contradiction.
We have proved the following result.
Theorem 21. Let π be a translation plane with spread in PG(3, q) that admits a parabolic
unital U+. Let P∞ denote the parabolic point on the line at infinity.
If there exists a collineation group G in AGL(4, q) that acts transitively and regularly on the
q3 affine points of U+, then
(1) G contains a translation group of order q with center P∞ and G contains no other transla-
tions,
(2) G acts transitively on the affine lines incident with P∞, and
(3) G acts transitively on the infinite points of 
∞,
(4) if T is the translation group, then G acting on 
∞ is equal to (GT )0 acting on 
∞.
Theorem 22. Let π be a translation plane with spread in PG(3, q) that admits a parabolic
unital U+.
(1) If there exists a collineation group G in AGL(4, q) that acts transitively and regularly on the
q3 affine points of U+, then in (GT )0, there is an affine elation group of order at least q .
(2) Moreover, if q is odd, either π is a semifield plane so that (GT )0 is an elation group, or the
affine elation subgroup of (GT )0 has order q .
Proof. Once we know that we have a collineation group in (GT )0 and in GL(4, q) of order
q2 that acts transitively on 
∞ − {∞}, then the theorem follows from Jha–Johnson–Wilke [7],
Biliotti–Menichetti–Jha–Johnson [1] and Johnson [10]. 
Hence, we may now determine a rough form for the parabolic unital. Choose P∞ as (∞).
There is a translation group T∞ of order q , normalized by G. Notice that T∞ is normal in GT .
The elements of T∞ will have the form: (x, y) → (x, y + (b1i , b2i )), for b1i , b2i ∈ GF(q), for
any choice of basis of the associated 4-dimensional vector space, and where{
(b1i,b2i ); i = 1,2, . . . , q
}
is an additive group of order q . If we choose (0,0,0,0) to belong to U+ then (0,0, b1i , b2i ) also
belongs to U+. There is a unique tangent line on (0,0,0,0) = 0, which we always choose to be
y = 0.
Theorem 23. Under the assumptions of the previous theorem and the previous note, that is, G is
a ‘transitive parabolic group,’ choosing any basis for the 4-dimensional GF(q)-vector space,
and P∞ = (∞), then U+ has the following form: Assume that (0,0,0,0) is a point of U+; then
U+ = (∞)∪
{
(c1, c2, g(c1, c2)+ b1i , f (c1, c2)+ b2i ); c1, c2 ∈ GF(q),}
,{(b1i,b2i ); i = 1,2, . . . , q} an additive group of order q
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g(c1, c2)+ b1i , f (c1, c2)+ b2i
)= (0,0)
if and only if c1 = c2 = b1i = b2i = 0.
Furthermore, if there is to be a transitive and regular parabolic group G, then since there are
elation axes 0P∞ in (GT )0, it follows immediately that if there are two such axes, then SL(2, q)
is contained in the group generated by the elation groups, forcing the plane to be Desarguesian by
Foulser–Johnson–Ostrom [4]. Note the main idea of the following is that given the group (GT )0
of order q2, there is a corresponding set of q2 translations such that for each element δ of (GT )0,
there is a unique translation τδ in T modulo T∞ such that δτδ ∈ G. Putting this another way, if
one considers the translation
τ(c1,c2) : (x, y) −→
(
x + (c1, c2), y +
(
g(c1, c2), f (c1, c2)
))
,
then there is a unique element g(c1,c2) of (GT )0 such that τ(c1,c2)g(c1,c2) is an element of G taken
modulo the normal subgroup T∞. Since we are free to choose the representation for (GT )0,
we may employ the results of Johnson [10] so that (GT )0 has the following form, recalling the
following theorem, which is stated for even order in the original, but this is not essential. In the
odd order case, there is a more convenient form. We shall provide both forms. Note that the
choice of representation for the group might affect any given initial representation of the unital.
Theorem 24. (Biliotti, Jha, Johnson, Menichetti [1]) Let π be a translation plane of even order q2
with spread in PG(3, q) that admits a linear group (GT )0 of order q2 that fixes a component and
acts regularly on the remaining components. Then coordinates may be chosen so that the group
(GT )0 may be represented as follows:〈
σb,u =
[ 1 T (b) u+ bT (b)+ l(b) uT (b)+R(b)+m(u)
0 1 b u
0 0 1 T (b)
0 0 0 1
]
;b,u ∈ GF(q)
〉
where T , m, and l are additive functions on GF(q) and m(1) = 0 and such that
R(a + b)+R(a)+R(b)+ l(a)T (b)+m(aT (b))+ a(T (b))2 = 0, ∀a, b ∈ GF(q).
Theorem 25. (See Johnson [10].) Let π be a translation plane of odd order q2 with spread in
PG(3, q) that admits a linear group (GT )0 of order q2 that fixes a component and acts regu-
larly on the remaining components. Then either π is a semifield plane or the elation subgroup
of (GT )0 has order q . Then coordinates may be chosen so that the group (GT )0 may be repre-
sented as follows:
〈
σb,u =
⎡
⎣ 1 b u − 13 b3 + J (b)+m(u)+ ub0 1 b u
0 0 1 b
0 0 0 1
⎤
⎦ ;b,u ∈ GF(q)
〉
where J,m are functions from GF(q) to GF(q), such that m is additive and m(GF(p)) = 0, and
J (a + b)+m(ab) = J (a)+ J (b).
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order case, we merely take T (b) = b, l(b) = −b2, R(b) = − 13b3 + J (b).
Hence, given σb,u, there is a unique translation (modulo T∞), τ(c1,c2) : (x, y) → (x + (c1,b,u,
c2,b,u), y + (g(c1,b,u, c2,b,u), f (c1,b,u, c2,b,u))) such that
G =
〈
(x, y) −→
(
x
[
1 T (b)
0 1
]
+ (c1,b,u, c2,b,u), x
[
u+ bT (b)+ l(b) uT (b)+R(b)+m(u)
b u
]
+ y
[
1 T (b)
0 1
]
+ (g(c1,b,u, c2,b,u), f (c1,b,u, c2,b,u))
)
,
(x, y) −→ (x, y + (b1i , b2i )), the latter forming the normal
translation group T∞ of order q
〉
.
This group G of order q3 acts regularly on the affine points of the unital
U+ = (∞)∪
{
(c1, c2, g(c1, c2)+ b1i , f (c1, c2)+ b2i ); c1, c2 ∈ GF(q),
{(b1i,b2i ); i = 1,2, . . . , q} an additive group of order q
}
.
We shall be interested in general transitive parabolic unitals as well as those of Buekenhout–
Metz. Ebert and Wantz [3] showed that in a Desarguesian spread the collineation group of a
Buekenhout–Metz unital which is not classical has a collineation group of order q3(q − 1), of
which there is a normal subgroup of order q3. We consider a group of this size here, but first we
recall the main theorem of Jha–Johnson–Wilke [7]. We recall that a Walker plane of odd order
q2, pr = q , r odd, has the form given above where J ≡ m ≡ 0, identically. If q is even and
q = 2r , r odd, then this same form also provides a translation plane called the Betten plane. The
Lüneburg–Tits plane of even order q2 admits a group of order q2(q2 + 1)(q − 1), the Suzuki
group Sz(q), as a group of collineations within the translation complement. In this case, the
representation of the group of order q2 is as follows:
〈
σb,u =
⎡
⎣ 1 bα
−1
u+ b1+α−1 u+ uα + ubα−1 + b + bα + bα+1
0 1 b u
0 0 1 bα−1
0 0 0 1
⎤
⎦ ;b,u ∈ GF(q)
〉
,
where for q = 22k+1, α = 2k+1.
Theorem 26. (Jha–Johnson–Wilke [7].) Let π denote a translation plane of order q2 with spread
in PG(3, q). If π admits a collineation group of order q2(q − 1) in the linear translation com-
plement then π is one of the following types of planes:
(1) a semifield plane,
(2) Betten of even order or Walker of odd order q2, where q = pr , and r is odd,
(3) Lüneburg–Tits of even order q2.
Hence, we obtain the following theorem.
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transitive and regular parabolic unital. If there is a collineation group of order q3(q − 1) in
AGL(4, q) that leaves the unital invariant then π is one of the following types of planes:
(1) a semifield plane,
(2) Betten of even order or Walker of odd order q2, where q = pr , and r is odd,
(3) Lüneburg–Tits of even order q2.
5.1. Buekenhout–Metz forms
Now we specialize to the situation that we are considering in this article. Assume that U+
is a Buekenhout–Metz unital in the form that we have been considering. In this case, in the
above representation, we would have g(c1, c2) = c21α1 + c22α2 + c1c2α3, an irreducible quadric,
f (c1, c2) = 0, b1i = 0 and b2i taking on all possible elements of GF(q). If we start with a
Buekenhout–Metz unital in this form, this is a unital in any translation plane with spread
x = 0, y = x
[
u F(t, u)
t G(t, u)
]
; u, t ∈ GF(q).
The problem now is that by choosing this form, we may have altered the form of the group.
However, the form is not altered significantly. For example, we know that we have in (GT )0 an
elation in the center of the group of order q2. Suppose that this elation σ has the form (x, y) →
(x, xT + y), mapping y = 0 to y = xT . If we choose a new basis by [ I 00 T −1 ], then since we have
any group element in the general form
[
A B
0 C
]
, then choosing the element σ as (x, y) → (x, x+y),
it now follows, since the element is in the center, that A = C. Now since our group (GT )0 has
order q2, and is in GL(4, q), it will fix pointwise a 1-dimensional GF(q)-subspace on x = 0. We
may pre-choose a basis so that C = [ 1 a0 1 ], for some a ∈ GF(q). This basis change could have
been accomplished by a mapping of the form
[
I 0
0 D
]
.
This means that if we wish to have the form of the group listed above but start with a
Buekenhout–Metz unital in the form
U+ = (∞)∪ {(c1, c2, g(c1, c2), β); c1, c2, β ∈ GF(q)},
for g(c1, c2) an irreducible quadric, then after the basis changes, we obtain the form
U+ = (∞)∪ {(c1, c2, (g(c1, c2), β)E); c1, c2, β ∈ GF(q)},
where E is a non-singular matrix
[ e1 e2
e3 e4
]
.
We now show that when this occurs, it can only be that T (b) = 0; that we obtain a semifield
plane.
Theorem 28. Given a Buekenhout–Metz unital U+, a translation plane π with spread in
PG(3, q) admits a transitive and regular parabolic group in AGL(4, q) acting on U+ if and
only if π is a semifield plane.
Proof. We may use the form
U+ = (∞)∪ {(c1, c2, (g(c1, c2), β)E); c1, c2, β ∈ GF(q)},
for the unital and
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〈
σ(c1,c2) : (x, y) −→
(
x
[
1 T (b)
0 1
]
+ (c1,b,u, c2,b,u), x
[
u+ bT (b)+ l(b) uT (b)+R(b)+m(u)
b u
]
+ y
[
1 T (b)
0 1
]
+ (g(c1,b,u, c2,b,u),0)E
)
,
(x, y) −→ (x, y + (0, β)), the latter forming the normal
translation group T∞ of order q, for all c1, c2, β ∈ GF(q)
〉
,
where g(c1, c2) = c21α1 +c22α2 +c1c2α3, such that 4α1α2 −α23 = 0. We consider another arbitrary
element σ(d1,d2), where the associated elements b and u of σ(c1,c2) are replaced by a and v,
respectively to form σ(d1,d2).
Hence, if we follow σ(c1,c2) by σ(d1,d2), we obtain the following required conditions. The
image of the unital elements in U+ is(
(c1, c2)
[
1 T (a)
0 1
]
+ (d1, d2), (c1, c2)
[
v + aT (a)+ l(a) vT (a)+R(a)+m(v)
a v
]
+ (g(c1, c2),0)
[
1 T (a)
0 1
]
+ (g(d1, d2),0)E
)
.
Let v∗ = v + aT (a)+ l(a), so v = v∗ − aT (a)− l(a).
Hence, we obtain the following group:〈
(x, y) −→
(
x
[
1 T (a)
0 1
]
+ (c1, c2), x
[
u F(a,u)
a G(a,u)
]
+ y
[
1 T (a)
0 1
]
+ (g(c1, c2),0)E
)
, (x, y) −→ (0, β)E, c1, c2, β ∈ GF(q)
〉
,
where E = [ e1 e2e3 e4 ] is a non-singular matrix and u,a are functions of (c1, c2). We consider the
mapping indicated in the representation followed by a mapping with (d1, d2) and associated v, b
in the spread set. We take the image of (0,0,0,0) under the putative group. We obtain in the first
two coordinates (taking x = y = 0 initially)(
c1 + d1, c1T (b)+ c2 + d2
)
,
and in the third and fourth coordinates we obtain(
c1v + c2b + g(c1, c2)e1 + g(d1, d2)e1,
c1F(b, v)+ c2G(a,b)+ g(c1, c2)e1T (b)+ g(c1, c2)e2 + g(d1, d2)e2
)
.
Hence, we obtain that(
g
(
c1 + d1, c1T (b)+ c2 + d2
)
,0
)
E
= (g(c1 + d1, c1T (b)+ c2 + d2)e1, g(c1 + d1, c1T (b)+ c2 + d2)e2)
gives the same set of four coordinates modulo (0, β)E = (βe3, βe4), for β ∈ GF(q), where β
then becomes a function of (c1, c2, d1, d2). Hence, we obtain:
e4
(
g
(
c1 + d1, c1T (b)+ c2 + d2
)
e1
)= e4(c1v + c2b + g(c1, c2)e1 + g(d1, d2)e1)+ βe3e4
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e3
(
g
(
c1 + d1, c1T (b)+ c2 + d2
)
e2
)
= e3
(
c1F(b, v)+ c2G(a,b)+ g(c1, c2)e1T (b)+ g(c1, c2)e2 + g(d1, d2)e2
)+ βe3e4.
Let e1e4 − e2e3 = Δ, a non-zero constant. Solving for βe3e4 in both equations and setting the
results equal, we obtain:
g
(
c1 + d1, c1T (b)+ c2 + d2
)
Δ
= (g(c1, c2)+ g(d1, d2))Δ+ e4(c1v + d2b)
− e3
(
c1F(v, b)+ c2G(v,b)+ g(c1, c2)e1T (b)
)
.
The equation is valid for all c1, c2, d1, d2 , except that we do not know how the v and b are given
explicitly as functions of (d1, d2). We may vary c1, c2 arbitrarily. Taking c2 = 0, we obtain:
g
(
c1 + d1, c1T (b)+ d2
)
Δ
= (g(c1,0)+ g(d1, d2))Δ+ e4(c1v − e3(c1F(v, b)+ g(c1,0)e1T (b))).
Since g(f1, f2) = f 21 α1 + f 22 α2 + f1f2α3, if we use this equation and cancel out the possible
terms, the left-hand side is(
c21α1 + d21α1 + 2c1d1α1 + c21T (b)2α2 + d22α2 + 2c1T (b)d2α2
+ (c21T (b)+ d1c1T (b)+ c1d2 + d1d2)α3)Δ
and the right-hand side is(
c21α1 + d21α1d22α2 + d1d2α3
)
Δ+ e4
(
c1v − e3
(
c1F(v, b)+ c21α1e1T (b)
))
.
Cancel like terms, fix d1, d2 (and hence v and b), and vary c1. There is a c1 term on each of the
terms. For all non-zero c1 ∈ GF(q), cancel c1 from each term and observe that there are exactly
two remaining terms involving c1. That is, we obtain the following equation:
c1
(
e3e1T (b)+ T (b)2α2Δ
)= k,
where k is a constant, if d1, d2, v and b are fixed, where c1 varies over all non-zero elements
of GF(q). Since we may assume that q − 1 > 1, as there is only the Desarguesian affine transla-
tion plane of order 4, we see that(
e3e1T (b)+ T (b)2α2Δ
)= 0.
Since this equation now is valid for any b ∈ GF(q), suppose that there is b0 such that T (b0) = 0.
Then, we would have
T (b0) = −e3e2/α2Δ,
noting that α2 and Δ are both non-zero. This means that {T (b);b ∈ GF(q)} has cardinality 1
or 2. In particular, this implies that either the plane is a semifield plane or q is even and then
there is an elation subgroup in (GT )0 of order q2/2. But by Jha and Johnson [8], the plane again
is a semifield plane. Hence, in all cases, the plane π is a semifield plane. This completes the
proof of the theorem. 
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It is pointed out by Ebert and Wantz [3] that is it possible to have an Abelian transitive par-
abolic group in a Desarguesian plane and in this case, q is odd and the unital is a partial pencil
of conics. The question that we pose here is whether having a transitive and regular Abelian par-
abolic group determines the finite translation plane admitting such a group. We have seen above
that the translation plane must be a semifield plane with spread
x = 0, y = x
[
u F(t, u)
t G(t, u)
]
; u, t ∈ GF(q),
with group G generated by the following mappings:
σc1,c2,β : (x, y) −→
(
x + (c1, c2), x
[
c2α3 + 2c1α1 F(2c2α2 + c1α3, c2α3 + 2c1α1)
2c2α2 + c1α3 G(2c2α2 + c1α3, c2α3 + 2c1α1)
]
+ y + (g(c1, c2), β)
)
.
Now if G is Abelian, we must have:
(0,0,0,0)σc1,c2,0σd1,d2,0
= (c1, c2, g(c1, c2),0)σd1,d2,0
=
(
(c1, c2)+ (d1, d2), (c1, c2)
[
d2α3 + 2d1α1 F(2d2α2 + d1α3, d2α3 + 2d1α1)
2d2α2 + d1α3 G(2d2α2 + d1α3, d2α3 + 2d1α1)
]
+ (g(c1, c2),0)+ (g(d1, d2),0)
)
.
Hence, it follows that
(c1, c2)
[
d2α3 + 2d1α1 F(2d2α2 + d1α3, d2α3 + 2d1α1)
2d2α2 + d1α3 G(2d2α2 + d1α3, d2α3 + 2d1α1)
]
= (d1, d2)
[
c2α3 + 2c1α1 F(2c2α2 + c1α3, c2α3 + 2c1α1)
2c2α2 + c1α3 G(2c2α2 + c1α3, c2α3 + 2c1α1)
]
,
valid for all ci, di , i = 1,2. Hence, we must have
c1F(2d2α2 + d1α3, d2α3 + 2d1α1)+ c2G(2d2α2 + d1α3, d2α3 + 2d1α1)
= d1F(2c2α2 + c1α3, c2α3 + 2c1α1)+ d2G(2c2α2 + c1α3, c2α3 + 2c1α1),
∀ci, di, i = 1,2.
It follows easily that
F(2d2α2 + d1α3, d2α3 + 2d1α1) = d1F(α3,2α1)+ d2G(α3,2α1)
and
G(2d2α2 + d1α3, d2α3 + 2d1α1) = d1F(2α2, α3)+ d2G(2α2, α3)
by first taking c1 = 1, c2 = 0 and then taking c1 = 0, c2 = 1. Let
d∗1 = 2d2α2 + d1α3, d∗2 = d2α3 + 2d1α1.
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d∗2 . Hence, F(d∗1 , d∗2 ) = d∗1 k1 + d∗2 k2, and G(d∗1 , d∗2 ) = d∗1 z1 + d∗2 z2, where k1, k2, z1, z2 are
constants in GF(q). It follows immediately that the associated translation plane is Desarguesian
so we may then apply the results of Ebert and Wantz [3]. Note that the argument is valid for any
semifield plane with spread in PG(3,K), such that K admits a quadratic extension, and the plane
becomes Pappian.
Hence, we have proved the following theorem.
Theorem 29.
(1) Let π be any semifield plane with spread in PG(3,K), where K admits a quadratic extension
K+. Assume that G is a transitive and regular parabolic group in AGL(4,K) acting on a
Buekenhout–Metz unital. If G is Abelian then π is Pappian.
(2) Let π be any translation plane with spread in PG(3, q). Assume that G is a transitive and
regular parabolic group in AGL(4, q) acting on a Buekenhout–Metz unital. If G is Abelian
then π is Desarguesian, q is odd and the unital is partial pencil of conics.
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